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Abstract. The Mahler formula gives an expression for the height 
of an algebraic number, as the integral of the log of the minimal 
equation with respect to the Haar measure on the circle. In the 
present work we prove that a similar result holds for nice self maps 
on the n-dimensional projective space. The height of the number 
is replaced by the canonical height of a hypersurface, and the Haar 
measure is replaced by the canonical invariant measure. 



A classical formula of Mahler [Mah60l states that, if P = (A : 1) 7^ 00 
is a point in P^, the naive height h nv (P) can be related to the integral 
of the log of the minimal equation F of A, with respect to the Haar 
measure d9 on S 1 . The identity we find in this case is: 



Now, the naive height is the canonical height (c.f. later) associated to 
the morphisms <p n : t — » t n on P 1 . This means that h nv ((j) n (t)) = nh nv (t) 
and h nv (t) > 0. On the other hand the Haar measure d9 on S 1 is 
invariant under the action of this endomorphisms, in the sense that 
<fi* n d6 = nd6 and <^ n ^dQ = d6. It was already established in [P5T05 
that a more general equation is true for arbitrary dynamical systems on 
P 1 . The terms "bad reduction" and "integral at a finite place" appear 
for the first time while dealing with dynamical systems in dimension 
one. We prove in the following work that the situation is similar for 
dynamical systems on P n , provided that the morphism admits a "good 
model". Suppose that we are working with a number field K. The 
general Mahler formula we prove states that, if p : P^ — > P^ admits a 
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model ip = (po : ••• : Pn) '■ P# — > ^k, such that (po, ■■■,Pn) represents a 
regular sequence inside Ok[Tq, ■■■,T n ] then: 



where we have the following: 

(i) F = F + /F~ is a rational function on P^. 

(ii) h v (D + ) and h^(D~) represent the canonical heights of the cy- 
cles D + and D~ respectively, where div(F) = D + — D~ . 

(iii) For every place v of K at infinity, dp,^ represents an invariant 
measure relative to ip on P^. 

(iv) Even though the sequence (po, ■■■,p n ) is regular in O^[T , T n ], 
the map = (p : ... : p n ) : P^- — > may not be a well de- 
fined map on Wq k ■ For example (p : Pq — > Pq, defined over Q 
as : y : 2) = (y 2 — 3^ 2 : x 2 — 3y 2 : zy) does not extend to a 
map on P^ . The term E(F, v finite) in the formula, is arising 
from the blow-up we may need to do in order to extend the 
map ip to an integral model. It depends in fact only on a finite 
number of finite places, which we call places of bad reduction. 
When the map ip : P^ — > P^ defines a map (which we are 
calling here with the same name) ip : P^ K — > P^, the term 
£(F, u finite) = 0. 

We will explain several particular cases and consequences of our for- 
mula; the classical formula of Mahler will be between them. Let 
us assume for the moment that our map admits a model such that 
h v (D~) = 0. This condition will prove to be natural for polyno- 
mial functions in dimension one. If we pick the equation F such that 
v(F) = for every finite place v (the valuation v naturally extends to 
rational functions on P^), and E{F, v finite) < 0, we get the inequality: 



When the map <p has good reduction everywhere {E(F, v finite) = 0) 
and v(F) = for every finite v, the above inequality becomes an equal- 
ity. Particular cases of this formula can be found in |Mai00j . 
Let's see now the dimension one case, which was treated in [PST05J. 
Suppose that ip = (po : pi) : P 1 — > P 1 is a map on the Riemann sphere 
and F is a polynomial equation. We can always change coordinates to 
get Ti/pi, which will make h v (D~) = h ¥ (oo) = 0. Also by base change 
we can assume that (pq,Pi) is a regular sequence. As a consequence 
of Proposition 15.31 and definition 15.61 we will be able to consider the 
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term E(F, v finite) as sum of "integrals" over the finite places of K, 
i.e. E(F,v finite) = ^finite J p „ log \F\dfi VtV . The measure rf/i^ at each 

place over infinity is nothing but the Brolin measure [Bro65j, further 
studied by other authors such as, Lyubich |Lyu83| and Freire, Lopez, 
and Mane |Man83j . Taking a point P = (A : 1) 7^ 00 in and F 
the minimal equation of A over Ok (which we assume with no common 
factors, i.e. v (F) = at every finite valuation), the formula we found 
takes a more symmetric shape, 

h v (D + ) = y2 k>s\ F \vd(i<p,v 

When the map (p = (po : p\) is defined over Q and has good reduction 
everywhere (which is the case of the morphisms <j) n : t — > t n ), we can 
take F to be the minimal equation of A G Q over Z and get: 

h v (P) = —L- [ loglFld/v 
deg(F) J r i 

This last expression is the Mahler formula for rational morphisms on 
P 1 in absence of bad reduction. 

Going back to the general case, in this paper we work with a map 
ip = (po : ... : p n ) : P^ — > F K . It may not be possible to extend 
this map to a well defined map on P^, exactly because the Pi may 
have common zeroes along a subscheme Y\ of P^. The technique we 
will use is arithmetic intersection theory. We will work with arithmetic 
varieties X\. and rational maps : — > F K , determined by blowing- 
up subschemes Y k in P^. We will establish the equality of cycles: 

div(F fe ) = D k - deg(F)cx) fc + ^ x V)i)k C Vtitk 

v,i 

- deg(F) y^y„,i, fc C7 pAfc + v(F)X v>k . 

v,i finite v 

where 

(i) F is a polynomial in the n variables variables T /T n , T n _i/T n 
and F k = a k F; 

(ii) div(F) = £>-deg(F)oo + ]T fin ite „ v(F)X v and D k is the proper 
transform of D by a k ; 

(iii) the divisor 00^ is determined by the equation a k T n = in X k 
and; 

(iv) the C V) i t k are the different components of the exceptional divi- 
sor of the blow up. 
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Then we will intersect both sides of the above expression with a par- 
ticular class of curves on X k and finally we will get the Mahler formula 
from a limit argument on k. 

1.1. Notation and conventions. Unless otherwise stated K will de- 
note a number field with ring of integers Ok- For a place v of K, 
C v = K v will denote the completion of the localization K v at v. F K 
will denote the n-dimensional projective space over K and similar for 
^o K - The symbol L will be used to denote line bundles on differ- 
ent kind of varieties. V will denote an algebraic variety (must of the 
time projective) of dimension n. M will denote a complex projec- 
tive variety of dimension n and, if £ is a line bundle on M, the term 
Ci(£, ||.||) = Ci(£) will denote a (1, 1) current, similar to the first Chern 
form of L. In the presentation of the arithmetic as well as the geomet- 
ric interception theory, X will denote a Macaulay arithmetic variety 
of absolute dimension n + 1 over Spec(O^). This means that all local 
rings are Macaulay and there exist a flat, proper and finite type map 
/ : X — > Spec(Ox) whose fibres X v over the places v of K are projec- 
tive varieties of dimension n. For an arithmetic variety X and a line 
bundle L on X, we denote by L v = C®o(x) Spec(7£„) the restriction of 
L to the fibre X v . The line bundle L will comes sometimes equipped 
with hermitian metrics \\-\\p >v on the fibres Cp iV over each point P G X v . 
For a set Ci,...,Ci of metrized line bundles on an arithmetic variety 
X, the expression deg(c 1 (£ 1 )...ci(£j)|Z) will represent the arithmetic 
intersection degree of the line bundles L±, Li over a cycle Z C X of 
dimension i. We will pay special attention, in sections 4, 5 and 6 of 
this paper, to the arithmetic variety X = F@ K as well as arithmetic va- 
rieties X k that arise from blowing-up subschemes Y k of X. By a model 
for a map : P^- — » ¥ K we mean a system (jp$ : ... : p n ) of polynomials 
in K[To, ...,T n ] representing the map in the coordinates (T : ... : T n ). 
The ideal generated by a system of polynomials po, ...,p m will be de- 
noted by (po, ■■■iPm) and the symbol rad(J) will be used to denote the 
radical of any ideal I. 

2. Self maps on algebraic varieties 

In this section we will give some examples of self maps on algebraic 
varieties. Let cp : V — > V be a map of the algebraic variety V to itself. 
Under certain conditions on the variety V (existence of a line bundle 
L with good properties), we will associate to V and L a canonical 
height function and a canonical measure. The canonical height will be 
a generalization of both, the Neron-Tate on abelian varieties and the 
naive height on P 1 . The canonical measure will be a generalization of 
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Brolin's measure for maps on P 1 . Let's start by giving some examples 
of self maps on algebraic varieties. 

Example 2.1. Suppose that K is a field. A map (p : P^ — > P^ of 

algebraic degree d is given by a set of degree d homogenous polynomials 
p (T , ...,T n ), ...,p n (T , ...,T n ) e K[T , ...,T n ], such that rad((p , -,Pn)) '- 
(T , ...,T n ). 

Example 2.2. Let A be an abelian variety. The multiplication by n 
morphism [n] : A — > A represents a self map on A. 

Example 2.3. Consider the smooth toric variety P(A) defined overQ. 
For each p > 2 there is a morphism [p] : P(A) — > P(A) associated with 
the multiplication by p in A. 

2.1. Canonical height. Suppose that V is a projective variety defined 
over a number field K, and ip : V — > V a morphism, with the property 
that there exist a line bundle £ on V and a real number a > 1 such 
that ip* C —> C a . Suppose also that h c represents a height function 
associated to C (for a detailed discussion see B-3 in HiSOO ). Then 



we can find (see for example B-4 in |HiS00j ) a positive height function 
on V(K), defined as the limit h<p(P) = lim^oo hc ^ a k P ^ with the 
properties: 

(i) hp satisfies Northcott's theorem: points with coordinates in K 
with bounded degree and bounded height are finite in number. 

(ii) K{p{P)) = ah v {P). 

(iii) hp is a non-negative function. 

(iv) hp(P) = if and only if P has a finite forward orbit under 
iteration of the map p>. 

(v) \hp(P) - h c (P)\ is bounded on V(Q). 

Condition (iv) above expresses the general ideal that canonical heights 
should reflect the complexity of algebraic cycles under iteration of 
maps. With the use of the arithmetic intersection theory [Zhan95 
we can extend the positive function hp to algebraic cycles in V. The 
value hp(Y) will denote the canonical height of a p— cycle Y inside V 
and we will have some similar properties (Check |Zhan95j theorem 2.4): 

(i) hp(Y) > 0. 

(ii) hp(Y) satisfy the functional equation hp(ip*Y) = ahp(Y). 

(iii) If the orbit {Y, f(Y), ...} is finite, then h v (Y) = 0. 

In section 3 of this paper, we will develop the necessary arithmetic 
intersection theory to define the height hc ly ..,c n attached to a collection 
of metrized line bundles (£j, ||.||j). In [Zhan95j this results are gener- 
alized to define heights associated to limits of metrics, the so-called 
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adelic metrized line bundles. The canonical height will naturally arise 
associated to a special kind of adelic metric on our line bundle C, which 
will be called the canonical metric. 

2.2. Canonical metrics. Let K be an number field and v a place of 
K. Consider the projective variety V defined over K v and C a line 
bundle on V such that <fi : C a — > ip*C for some a > 1. Assume that we 
have chosen a continuous and bounded metric ||.||„ on each fibre of C v . 
The following theorem is due to Shouwu Zhang [Zhan95j: 

Theorem 2.4. The sequence defined recurrently by \\-\\ v ,i = \\-\\v an d 
\\-\\v,n = (0*V 9 *ll-llt),n-i) 1 ^ a forn > 1, converge uniformly on V(K V ) to a 
metric W-W^v (independent of the choice of\\.\\ Vt i) on C v which satisfies 
the equation \\.\\ v , v = (0*<^*||.|| (/ , ;t ,) 1 / a . 

Proof. See theorem (2.2) in S. Zhang [Zhan95 . Denote by h the con- 
tinuous function log on V{K V ). Then 

n-2 

log||.|| n = log||.|| 1 + 

^— ' a 

k=0 

Since || (^(fi*(p*) k h\\ sup < (^) fc ||^||su P , it follows that the series given by 
the expression ^^l o (^0* : ^>*) k h, converges absolutely to a bounded and 
continuous function h v on V(K V ). Let H-H^ = ||.||i exp(h v ), then ||.|| n 
converges uniformly to H-H^ and it is not hard to check that H-H^ 
satisfies 

II || (A*m*\\ II \^/ a 

which was the result we wanted to prove. □ 

Definition 2.5. The metric is called the canonical metric on L v . 

Example 2.6. Consider the line bundle £ = Cp«(l) on and the 
map 4>2{Tq : ... : T n ) = (T 2 : ... : T 2 ). If we choose the Fubini-Study 
metric ||(A T + ... + X n T n )(a : ... : a n )\\ FS = ^== as our smooth 

metric ||.||i on Cq, the limit metric we get at infinity is: 

SUPiflOfl)' 

2.3. Canonical measure and integral at infinite places. In this 
part we set up what will be called the integral at infinite places attached 
to a map ip : V — > V and a place v of K over infinity. We need to 
develop some analytic theory related to the complex points of V. 

Let M be a n-dimensional complex projective variety, ip : M — > M 
a map on M and C an ample line bundle on M. Suppose also that 



||(A T + ... + X n T n )(a Q : ... 
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for some a > 1 we have : C a — > <p*£, and that the line bundle 
£ is equipped with the canonical metric || . || ^ on the fibres. Let U C 
M be an open set. The function x \— > — log ||s(-P) \\ v for a non-zero 
holomorphic section s on [/, is not necessarily smooth, and due to 
this fact, the first Chern "form" c\(C, ||.||) = j^jdd log ||si(-P)||p may 
be no more than a distribution. We would like to define the product 
Ci(£, ||.||) A ... A Cx(£, ||.||). Unfortunately for general currents we do 
not have a product as we do for smooth currents. Results of Bedford, 
Taylor and Demailly |BeT82j . |Dem92j . |Dem93j and |Dem97j . allow 



us to consider a product of currents with good properties. We follow 
the presentation in M aiOOj . 

Definition 2.7. (Lelong). Let U be an open set of complex manifold M 
of dimension n. A current T G D P,P (U) is said to be positive (T > 0) 
if for every choice of C°° (1, 0)-forms a%, a n _ p with compact support 
on U , the distribution T A {ia>\ A «i) A ... A (ia n - p A a n - p ) is a positive 
measure on U . 

Example 2.8. A locally integrable function u on M is says to be 
plurisubharmonic if the hessian iddu = i^j& 1 uj 'dzjdz m Zj A z m > 
on M. For basic properties of plusibharmonic functions see for exam- 
ple |Dem 92j or Dem93 . 

Example 2.9. LetY be an algebraic p— cycle onM. The (p,p) — current 
5y of integration onY , is a positive current on M . 

Definition 2.10. (Bedford-Taylor). LetT be a positive closed current 
of type (p,p) and u a plurisubharmonic function locally bounded on U . 
We define the product (dd c u) AT = dd c (uT). 

Remark 2.11. The product Tu is well defined and in general we can 
define (dd c U\) A (dd c U2)--.(dd c u q ) AT = dd c {u\ A (dd c U2).--(dd c u q ) A T). 
By prop 1.2 in [Dem97 j; the current (dd c U\) A (dd c U2)...(dd c u q ) AT is 
a positive closed current of bidegree (p + q,p + q) . 

Lemma 2.12. Let £ be an ample line bundle on M and let if : M — > M 

be a map with the property that for some a > 1, there is an isomorphism 
cf) : C a —> ip*C Assume that || . is the canonical metric on C The 
function P i— > — log ||s(P) ||^ is plurisubharmonic on the open set U = 
M — div(s) and therefore the current idd(—log ||s(P)|| v ) is a positive 
current on U . 

Proof. The proof is basically taken from |Kaw00j . Consider the con- 
tinuous and positive function H(P) = jj^pjjj^ on M. Define c = 
minpgM H(P). By changing (p by ap if necessary, we can have H > 1 
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(this will not affect the result by the second part of theorem 2.2 in 
|Zhan9 5 ). In general we have 

\\s\\ n _ \\s o y?|U-i 

\\s\\n-l ||sO^|| n _ 2 ' 

and then — log ||s(P)|| n < — log \\s(P) \\ n -i for every n > 2 and the 
sequence {— log ||.||n}£Li is a non increasing sequence of plurisubhar- 
monic function converging to — log ^(P)^. □ 

Proposition 2.13. Let Si (i = l..g) be sections of the line bundles 
Li respectively, such that the divisors div(sj) meet properly on M . Let 
us denote Ci(£j) = ci(£j, H-H^,) the Chern "form" associated to the 
canonical metric studied in proposition ]^. 4\ then the current 

(- log \\si\\ ip )c 1 (£i)...cx(L i „ 1 ).8 d i V ( s . +1 )...8 div ( Sq ) 

is a well defined current and 

(-log||s i || n )ci(£i, ||.|| n )...ci(L i 

— 1) || • ||n 

tends to 

(- log ||si|| ¥J )c 1 (£i)...ci(L i _i).5 div ( Si+1 )...5 div(s? ). 

Proof. We have that Ci(£j, \\.\\ v ) is a positive current that can be writ- 
ten locally in the form dd c u where u = — log || . is a plurisubharmonic 
function on M. On the other hand (W^) are closed and positive 
(Check theorem 3.5 in [Dcm92j). The sequence of currents 

{— log ||Sj|| n Ci(£i, ||.|| n )...Cl(Lf_l, ||.||n)-<W(s i+ i)---<5div(s q )}n 

converge weakly to - log \\s i \\ ip ci(C 1 )...c 1 ( Li -i).S di ^ Si+1 )...S div ^ q ) after 
the following general proposition proved in |Dem97j . □ 

Proposition 2.14. (Demailly) Denote by L{u) the set of point where 
the plurisubharmonic function u is not locally bounded. Let U be an 
open set of M and T G D P + P {U) a positive closed current of type {p,p). 
Let also ui,...,u q be plurisubharmonic functions on U, such that for 
every choice of indices j\ < h--- < 3m inside {l,2,...,q} the inter- 
section Liu^) fl ... fl L{uj m ) fl Supp{T) is contained in an analytic 
set of complex dimension < n — p + m. One can then construct the 
currents U\{dd c U2) A ... A (dd c u q ) A T and (dd c Ui) A ... A (dd c u g ) A T 
of mass locally finite over U and uniquely characterized by the fact: 
for every non-increasing sequences {u\) , . . . ,{u k q ) of plurisubharmonic 
functions converging punctually to u\,...u q respectively, we have that 
u\(dd c U2) A ... A (dd c u k q ) A T and (dd c u\) A ... A (dd c u k q ) A T converge 



N-DIMENSIONAL MAHLER FORMULA 9 

weakly onU to Ui(dd c U2) A... A (dd c u q ) AT and (dd c ui) A...A(dd c u q ) AT 
respectively. 

Proof. For the proof we refer to |Dem97j . Thm. 3.4.5 and Pro. 3.4.9. 
or |Dem93| . Thm. 2.5 and Pro. 2.9. □ 

Definition 2.15. The canonical current associated to if is defined as 
T v = ci(£, Il-H^). The canonical distribution associated to <p is 

Proposition 2.16. The canonical distribution is in fact a measure, 
which we call the canonical measure. 

Proof. The (1, 1)— current T v can be identified with an expression = 
Tijdzi A dzj where the coefficients T it j are distributions. Consider 
the (n — 1, 0)— form a = Yl\i\=n-i ai< ^ z Gi- The ^ ac ^ that T v >0 forces 
^ Tij&n-idtn-j to be a positive measure for every a. As a consequence 
the Tjj are complex measures with Tjj = Tjj. In the same way the 
p— current /\f=i ^v? ^ as measures as coefficients for each p. □ 

Proposition 2.17. Suppose that A is a subset of M such that n(A) = 
f A dfi v < oo, then 

(i) n v (ip(A)) = (deg (p) n fi v (A) < oo whenever <p\A is injective, 

(ii) fi v {if-\A)) = fi v (A) < oo. 

Proof. Let deg(ip) = d be the algebraic degree of (p. Take an open set 
W with fi(W) < oo. Assume that we have = U i=1 U% where 

ip : Ui — > W is injective for each i and let U denotes any of the C/j. 
Consider n local sections Si ^ of 0(1) holomorphic on W, in this case 
<W = J^i) d ^(9i)--jk)9d(g n ), where </< = log( ||si(P)|| v ) and we have 

/vW = [ -i-^log(||5 1 (P)||^)...-i T ^log(||5 n (P)|| V3 ) 

= [ -i-^log(|| Sl (^(P))||^)...-i-^log(|| s „(v.(P))|| v ) 

= d n [ 7 i T ^log(||(^ Sl )(P)||^...-i T ^log(||(^X)(P)IU) 
= d n ^(U), 

and 

^(cp- 1 (W))=d n ^(U)=^(W), 
which is the result we wanted to prove. □ 
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Definition 2.18. Let V be a projective variety defined over a number 
K, (p : V — > V a map on V and (£, \\-\\ v ) a metrized ample line bundle 
on V with the property that there exist an isomorphism ip : C a ip*£. 
Let v : K > C be a place of K over infinity. The canonical measure 
dfi^^v is the canonical measure on V ®„ C associated to (p v — <p ® v C 
and C v = C ® v C. 

2.4. Examples. Here we revisit some examples of self maps on al- 
gebraic varieties with extra information about canonical heights and 
measure. 

Example 2.19. Suppose that we are working with a number field K 
and tp = (po : ... : p n ) : P^ — > P^ is a map on the n— dimensional 
projective space over K . In general it is hard to get a closed form for 
the iterate of such a map. In case that for some natural k we have 
Pi(T , ...,T n ) = Tj fc for each < i < n, we obtain the so-called naive 
height on P^: 



h nv ([t : ... : t n }) = 1 log Yl snp{\t \ v ,...,\t 

L places v of K 



n \v ) i 



where N„ = [K v : Q w ] and w is the place of Q such that v \ w. The 
associated measure d/i^, is the normalized Haar measure on the Torus 
S 1 x ... x S l . If T , Ti, T n represent projective coordinates in P n ; 
the canonical metric at infinity whose curvature gives the canonical 
measure is 

||(A T + ... + X n T n )(a : ... : a n )\\ nv - '" 



sup(|a |, |a n |) 

Example 2.20. Let A be an abelian variety and £ a symmetric line 
bundle on A. The multiplication by n, [n] : A — > A, satisfies [n}*£ ^ 
C n , the canonical height is the Neron-Tate height h^T and the canon- 
ical measure, after results in |Mor85j . is the Haar measure on A. 

Example 2.21. For the smooth toric variety P(A) and the morphism 
[p] : P(A) -> P(A) we have \p\*(0 F{A )) ^ OL A) and we can build 

a canonical height ho(p(A)),p- I n |Mai00j . V. Maillot presents explicit 
formulaes for the canonical measure as well as several properties of the 
canonical height. The Mahler formula is established in this case as a 
consequence of the vanishing of the canonical multiheight of the whole 
variety P(A). 
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3. Arithmetic intersection theory 

In this section we develop the arithmetic intersection theory for arith- 
metic varieties with Cohen-Macaulay local rings. The n+l-dimensional 
variety X will be Macaulay and equipped with a finite type, flat and 
proper map / : X — > Spec(C?x), where K is a number field. First we 
introduce the geometric intersection: 

Definition 3.1. We say that a q-cycle D in X is locally regular com- 
plete intersection (l.r.c.i.) if it is locally given by the intersection of a 
regular sequence of length n + 1 — q. 

Remark 3.2. A l.r.c.i. n-cycle D is just a Cartier divisor. 

Definition 3.3. Suppose that the qi — cycle Di is l.r.c.i. and D 2 is any 

g 2 — cycle. Assume that they have no common components. Then the 
intersection is given by 

Ql 

(D1.D2) = ^2{-l) i Tor i (0(D 1 ),0(D 2 )). 

i=0 

In case q\ + g 2 < n + 1 we define the degree of the intersection as 

qi 

de S {D 1 .D i ) = ^(— 1)' length(Tor i (C(D 1 ), 0(D 2 )). 

i=0 

Definition 3.4. If a cycle D\ is such that for some natural m, mD 
is l.r.c.i., we can extend the intersection as (D1.D2) = \jm{mD\.D2). 
An n-cycle with this property is called a Q— Cartier divisor. 

The intersection just defined satisfy many of the desirable properties 
for intersection numbers. Symmetry is clear from the definition and 
associativity is a consequence of the convergence of the Tor spectral 
sequence |Ser75j . Bilinearity is a consequence of the lemma: 

Lemma 3.5. Let A be a commutative ring, I an ideal and f a non-zero 
divisor in A. Then we have the exact sequence: 

_> A/ 1 - A/fl - A/fA - 0. 

Proof. The canonical map from A/fl^ A/fA has kernel f'A/fl. On 
the other hand the map 7 : A — > fA/fl, given by 7(1) = [/] has kernel 
/, because if two elements a e A and i & I satisfy af = if, then a — i 
because / is not a zero divisor. □ 

Proposition 3.6. Let X be a projective arithmetic variety, C a Cohen- 
Macaulay projective curve in X and D a Cartier divisor, then 

deg(D.C)=deg c O x (D) lc . 
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Proof. If C is a projective curve and L is a line bundle on X a projective 
variety, one can then speak of (L.C) for L is the difference in Pic(X) 
between two very ample line bundles each of them having sections 
with no common components with C . The result follows because a line 
bundle on a Cohen Macaulay curve has a well defined degree. □ 

Definition 3.7. If £ is a line bundle on X we will denote by c\{£) the 
class of divisors determine by £ and by ci{£) 1 the intersection of any 
element in this class with itself i times. 

Proposition 3.8. If D 2 has codimension n + 1 and Di is locally given 
by one equation, then &eg(D 1 .D 2 ) = 0. 

Proof. Suppose that / is the equation defining Di and / is the ideal 
of D 2 in the local ring O x = A. The assumption on the dimension 
of D 2 implies that the modules A/I and Toii(A/I , A/ f) are of finite 
length for all i. Now the result follows because the length is an additive 
function and we have the exact sequence: 

- Tor^A/J, A/f) - A/I - A/I - A/ {I + (/)) - 0. 

□ 

Proposition 3.9. Suppose that a : X\ — > X is a map of projective 
Arithmetic varieties over Spec((9^). Let C be a closed 1— cycle of X\ 
and £ a line bundle on X. If C is contracted by a to a subscheme of 
X of codimension n+1 the intersection number deg(cr* (L) .C) is zero. 

Proof. L can be realized as the line bundle associated to the difference 
of two very ample divisors on X each of them having no intersection 
with cr*(C). The reciprocal images of these divisors in Y do not meet 
C and the result follows. □ 

The geometric intersection, however, does not take into account 
the places of K over infinity. An original ideal of Arakelov |Ara74j . 



later dev eloped b y Szpiro |Szp85l , Bost |BC4S94j . Gillet jBGS94| . Soule 
[BGS94J, Zhang [Zha92j Zha95j, Faltings and many others, allow us 
to consider an intersection theory that equally value all places of K. 

Definition 3.10. Let X be a Cohen- Macaulay arithmetic variety of 
dimension n+1, defined over a number field K and £ = (£, ||.||) 
a hermitian line bundle on X. Suppose that vi,...,v s are the differ- 
ent places of K over infinity. We will denote by Ci(£) the vector 
(ci(C), Ci(£) Vl , ci{C) Vs ), where Ci(£) is the class of equivalent di- 
visors determined by £ and c\(£) v . is the (1, 1) — current associated to 
the metric II. |L. on £ v . 
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Proposition 3.11. Let X be a Cohen- Macaulay arithmetic variety of 
dimension n+l, defined over a number field K. Let Z G Z^iX) be a 
cycle on X and Ci, Ck a set of hermitian line bundles on X . Then 
the number deg z (ci(£.i)...di(Ck)) G R, is completely determined by the 
properties: 

(i) is k— linear. 

(ii) is symmetric. 

(iii) for k = and Z = X^i n «-^ (P% Xv)> we have then deg z = 

rnN Pi log N(v) where N Pt = [K(Pt) : K) . 

(iv) for k > 1 and s^/Oa section of Ck which meets Z properly 
we have 

deg z (ci(£i)...ci(£ fc )|Z) = deg z (ci(£i)...ci(£ fc _i)|Z. div(s fc )) 

~Z^2 ^z(C)logi|sjfc|U, v ci(£i) v ...Ci(>CA ! _i) l „ 

v/oo y ' 

where Ylv/oo ^ s taken over the places of K at infinity. 

Proof. Conditions (i), (iii) and (iv) are sufficient to determine recur- 
sively the number deg z (ci(£i)...Ci (£&)). Suppose that we consider sec- 
tions Si of the line bundles Ci respectively, such that the divisors div(sj) 
meet properly in X. Let v be a place of K over infinity. Introducing 
the star product gi jV * g 2)V * ■■■ * gk,v of the currents g% = — log ||si||t> we 
can state a non-recursive formula of the arithmetic degree 

deg z (ci(£i)...ci(£ fe )) = (div(si)... div(s fc )) finitc + V] / g hv *...*g kjV , 

i Jz(c) 

v/oo y ' 

where the first term on the right is representing the weighted sum 
(div(si)....div(sjfe))finite = de s(^(s 1 ) v ...div(s k ) v )logN(v). 

v finite 

The condition (ii) will be a consequence of the following lemma. □ 

Lemma 3.12. The arithmetic degree deg z (ci(Ci)...c\(Ck)) is a sym- 
metric function of the Ci . 

Proof. The geometric intersection is symmetric on the divisors div(sj). 
Let's concentrate then in the term involving Green functions over a 
fixed place v. Suppose that gi (for i = 1,2) are Green currents of "log" 
type along the cycles Z\ and Z 2 and relative to v (for the existence see 
lemma 1.2.2 of [BGS94J). We have g x * g 2 = g 2 * g x + 5T X + 5T 2 for 
some currents T\ G D p ~ 1 ' p and T 2 G _D P,P_1 , then f z gi * g 2 = J z g2* 
9 1 + Iz + Iz ^ 2 an< ^ by Stokes theorem we obtain the symmetry 
for the arithmetic degree. □ 
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Proposition 3.13. Suppose that £ is a hermitian line bundle on X 
and f G K(X) is a rational function on X. Then: 

deg(c 1 (0(f)).c n 1 (C)) = 0. 

Proof. The curvature of the trivial bundle c\{0{f)) = 0. Using this 
result and the symmetry of the arithmetic degree we can reduce to the 
case of dimension 1, which is nothing else but the product formula (see 
for example the treatment in Szpl). □ 



Proposition 3.14. Suppose that £ is a hermitian line bundle on X 
and f G K(X) is a rational function on X then, 

deg(c?(£)| div(/)) = W log \f\vdfiv 

v/oo ^ Xv 

Proof. We have that deg(ci(C?(/)).c?(£)) = and also that 
&eg{c x {0{f)).c n x {£)) = deg^OCDI div(/)) - £ / log \f\ v { Cl {£) n . 

which gives the formula we wanted. □ 

Remark 3.15. In the notation of [PST05J we can write 

(dit;(/)X)Ar = deg(^(£)|div(/)). 

Definition 3.16. Let Y G Z q (X) be a q— cycle inside the arithmetic 
variety X and £i, ...£ q ample line bundle on X . The real number 

h Cl _ Cq (Y)=deg Y (c 1 (£ 1 )...c 1 (£ q )\Y) 

is called the multi-height ofY relative to £\, ■■■,£ q . 

Let's denote by X K the generic fibre of X. Suppose that we have a 
map tp : Xk — > Xk and an ample line bundle £ on Xk such that for 
some number a, we have the isomorphism of line bundles ip : £ a = ip*£. 
Then we can build a sequence of arithmetic varieties Xk, k = 1,2, 
models of Xk over Spect^O^), and metrized line bundles ||.||fc) on 
Xk, such that ||.||jfc+i,« = (V ; * ( P*II-IU^) 1//q f° r eacri place v. The detailed 
discussion of the construction of the £k can be found in page 10 and 11 
of Z han95j . it constitutes an example of a sequence of adelic metrized 



line bundles, that is, a sequence of line bundles with good metrics at 
every place. The numbers deg y (ci((£ fc , ||,|| fc ))di m (Y) +i|y) 

converge for 

every p— cycle Y C Xk (see theorem 1.4 of [Zhan95j) and the limit will 
be called deg(ci(£, ||.|| (/ ,) dimy+1 |F). This number is now not depending 
on the Xk. 
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Definition 3.17. Under the conditions just discussed we define 

h (Y) _ deg( Cl (£J.U dimY+1 |y) 
A } Cl (£) dimy 

Proposition 3.18. Consider a rational function F on Xx and C a 
line bundle on Xk with conditions as before. Then, If the map ip : 
Xk —>■ Xk extends to a map ip : X —> X , we have 



/v(div(F)) = £ J \og\F 

v/oo v 



Proof. This is a consequence of proposition ^. 141 and definition ^. 171 □ 

4. The blow up 

Let <p : — ► F n K be a map with ip*(D{l) = 0{d) and defined over 
a number field K. A model for ip over Ok is a vector (qo,q%, ■■■An) 
of elements of Ok\Tq, Ti, T n ]n, such that our map is expressed as 
<P = (lo '■ Qi '■ ■■■ '■ In) '■ — > ^k- We will be interested in models of 
ip such that (q , qi, q n ) form a regular sequence. 

Lemma 4.1. Let A = Ok[To,Ti, ...,T n ] and po,pi, ...,p n £ A. Then, 
the following two statements are equivalent: 

(i) the sequence p ,pi, ...,p n is a regular sequence. 

(ii) dim(V((p ,Pi, -,Pn))) = 0. 

Proof. The ring A is Cohen-Macaulay of dimension n+1, therefore the 
sequence po,...,p n is regular if and only if it is a maximal system of 
parameters. □ 

Corollary 4.2. Let A = Ok[T , Ti, T n ] and Po,pi, ■■■,p n o regular 
sequence in A. Then the sequence pk = {(pko '■ Phi '■ ■■■ '■ Pkn)}k, defined 
recursively by 

Po = ipo ■ Pi ■ ■■■ ■ Pn) Pki = Pk-iiipo : pi p n ) <i <n k > 
is also a regular sequence for all k. 

Proof. If p k _i is a regular sequence, dim(y((p fc _ 1>0 ,Pfc_i ) i, ...,p k -i, n ))) = 
0, because ip is a finite map, dim(V((p fci0 ,p fcil , ■■■,Pk, n ))) — and pk is 
also a regular sequence. □ 

Definition 4.3. Denote P^, by X and by Yk, the closed subscheme 
of X defined by the ideal Ik = (j>k,o,Pk,i, ■■■,Pk,n)- The model Xk is 
defined by the property that a k : X k — > X = Fq k is the blowing up of 
Yk. The exceptional divisor will be denoted by Ek and its irreducible 
components by C v>i ^, in such a way that we have a finite sum E k = 

^2v,i>0 r v,i,kC v ^i^k- 
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In the rest of this subsection we will work with X = P^, and a map 
(p : F K — > F K represented by a regular sequence (p , ...,p n ) in Ok- In 
the way we have defined the map a k , we have a k I k = Ox h (—E k ), by the 
universal property of the blow-up. By the same property, the surjection 
2 Xk -» cr k *(O x (d)) ® Xh {-E k ), gives rise to a map <p k : X k -> X. By 
definition of the map ip k we have <£>£0-jf (1) = a k *(O x {d)) ®Ox k {—E k ). 
We will denote by £ the line bundle 0(1) on X = P^^ and £ fc = V? fc *£o 
on the model X k . 

Proposition 4.4. The scheme X k is Macaulay and Y k is a subscheme 
of codimension n + 1 in Ok and does not meet the generic fiber X K - 
Each component C v< i <k is isomorphic to the projective space of dimen- 
sion n over the the residual field K Vy i yk of the close point image of C v ^^ k . 
If X kyV does not meet Y k , then X k)V is isomorphic to W K . 

Proof. Since I k is finitely generated the scheme X k = proj (© n>0 I k ) 
is locally complete intersection in Pg, and therefore Macaulay. The 
sequence {p k ,o,Pk,i, -,Pk,n) being regular in O K [T ,T u -,T n ) forces Y k 
to be of codimension n + 1. By definition of the blow-up we get that 
the components C v j tk are isomorphic respectively to F K . . The total 
fiber F v and E k are Cartier divisors, therefore the components C V) i >k 
are Q— Cartier divisors, because they don't meet each other. The inter- 
section of C k with itself n times ci(C k ) n represent a Cohen Macaulay 
curve on X. Using propositions 13.91 and 13.61 we have 

deg( Cl (C k ) n \C hVtk ) = deg( Cl (0 Xk (-E k )) n \C hV , k ) 

= deg(CV (1)) = [K v , itk : K v ] log \N(v)\. 

Also for places v of good reduction, 

deg( Cl (C k r\X kjV ) = deg(0 P i (1)) = \og\N(v)\. 

In this way the proposition gives us a way to compute the arithmetic 
intersection of C k with the different vertical components of X k . □ 

Definition 4.5. Recall that f : X — > Spec(C?x) is an Arithmetic vari- 
ety. The projection /(Yi) C Spec((!?K-) will be called the places of bad 
reduction of (p. 

Remark 4.6. The only places v appearing in the exceptional divisors 
Ek = Ev. i>0 r v,i,kC V: i :k are the places of bad reduction. 

Let F G Ok[Tq, T n ]. We can assume that v(F ) = for every 
place v of bad reduction because there is only finitely many places of 
bad reduction and any Dedekind domain with finitely many primes (like 
n v O v (z)) is unique factorization domain. Now consider the rational 
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function F = F /T^ cg(i?o) on and F k = a* k F . The symbol oo^ will 
be denoting the divisor of X k defined by the equation o~lT n = and in 
particular oo = div(T n ). If we define the irreducible horizontal divisor 
D in X by the equation div(F) = D — deg(F)oo + Xlnnitc v V (F)X V , we 
can establish the following lemma. 

Lemma 4.7. There exist non-negative integers x v ^^ andy v ^^ depend- 
ing only on D, such that div(F fc ) can be written as 

div(F fc ) = D k - deg(F)oo fc + ^x v ^ k C v ^ k 

(1) 

- deg(F) ^ yv,i,kC v ,i, k + ^2 v(F)X V)k 

v,i finite v 

where D k is the proper transform of D by a k . 

Proof. We have the formula for the divisor div(F k ): 

dwF k = divo-* k F = o-* k divF = o-i(D)-nai(oo)+ £ v(F)a* k (X v>k ), 

finite v 

but now, for certain non-negative integers x V j tk the reciprocal image of 
the effective divisor D is <r k (D) = D k +J2 v j %v,i,kCv,i,k- Now also for cer- 
tain non-negative integers y V;i;k we have a^(oo) = oo k + Y^ v ,iVv,i,kCv,i,k 
and the proof is finished. □ 

Corollary 4.8. With the notation as before we have 

^K 00 ) = °°k + yv,i,kCy,i,k °~* k (D) = D k + y~]x Vj i tk c v>i>k . 

v,i v,i 

4.1. Negativity conditions. It is interesting to look at a particular 
type of models. 

Definition 4.9. We say that a model (p ,...,p n ) satisfies negativity 
conditions if we have rad((p M ,P M > ...,p k , n , T n )) = (T , T u T n ) in 
O K [T , ...,T n ], for every k. 

Example 4.10. This condition is satisfied for example if we are con- 
sidering a map (p = (p : pi) : P 1 — > P 1 , on the Riemann sphere and p 
is a monic polynomial in the variable T . 

Lemma 4.11. If the model have negativity conditions the proper trans- 
form oo k of oo in X k is equal to the reciprocal image <r fe (oo). 

Proof. It is enough to show that oo does not meet Y k and this is a 
consequence of the fact that the ideal rad((pjt,o,Pfc,i, ■ ■■■ t Pk,m T n )) = 
(To, Ti, T n ). ' □ 
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Lemma 4.12. If the model has negativity conditions, there exist non- 
negative integers x v ^ k depending only on D, such that div(F fc ) can be 
written as 

div(F fc ) = D k - deg(F)oo fc + 2J x v ^ k C v ^ k + 2J v(F)X V)k 

v,i,k finite v 

where D k is the proper transform of D by a k . 

Proof. The results follows by Lemma f4. II and Lemma f4. 71 □ 



5. Finite places 

Let v denote a valuation on K, O v the set of elements z G K such 
that v(z) > 0, x will denote a vector x = (xq, -..,x n ) G K n and P G 
P™(^) a point in the n-projective space over K. The valuation v is 
assumed to be extended to an algebraic closure K of K. For a vector 
x = (xq, x%, # n ) we define t>(x) = 7mYij{?;(xj)}. For a polynomial 
p G K[T , T„] we take v(p) as the valuation of the vector formed 
by its coefficients. For a sequence of polynomials (p ,...,p n ) we put 
v(po, ...,p n ) = mmi{v(pi)}. Suppose that ip : — > P# is a rational 
map of algebraic degree d given by homogeneous polynomials (po : ••• : 
p n ) over then we can define a map 

S v : - (0, 0) x apo, T n ]£ +1 - R> 

S^X, (po, ...,Pn)) = u(po(a?), ...,Pn(aj)) - ^0, -)^n) 

The map 5^, is in fact a well defined map S v : P n x0„[T o ,..., T n }^ +1 — > 
E> , which we still denote by S V (P, (p , ...,p n )). To see this, take 
any two sets of homogenous coordinates for P, say (xo, x n ) and 
(y ,...,y n ) = \{x , ...,x n ), then the valuation ti(p (A;r), ...,p n (Aa;)) = 
dv(X) +v(po(x), ...,p n (x)) and v(X d x d ) = dv(X) + v(x d ), and the result 
follows. 

Definition 5.1. Suppose that the polynomial F has divisor div(F) = 
D - deg(F)oo - Y.amtev v ( F ) X v> then we define: 

E(F, v finite) = - lim sup £ log \N(v) | ( ^ g »^'-'^) 



k 



_ deg{F) EpeooSv(P^Pk,0,..,Pk,n) _ ^ 



Remark 5.2. We have S v (P,pk,o, ...,Pk, n ) > only for finitely many 
P, because the sequence (pk,o, ■■■,Pk,n) is regular. In dimension one we 
can actually change the lim sup of the formula into a lim. 
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5.1. Convergence of each v-adic integral in dimension one. 

This part basically follows section 5.1 of [PST05J. Suppose that we 
are working in dimension one, i.e. with a map <fi = {po '■ Pi) : P 1 — > P 1 
on the Riemann Sphere. Let's keep the notation of the previous sub- 
section, that is S v (x, (po,P\)) = v(p (x),pi(x)) — v(xQ,xf). 

Proposition 5.3. The sequence 

h / P N r Sy(P, (Pfc,Q»Pfc,l)) l 
h *V) = I Jk i fc 

(i) is bounded and increasing, and therefore convergent to a func- 
tion, which we denote h Po , PuV (P). 

(ii) h Po,PiAf( P )) = dhpo, P iA p )- 

The proof will be the result of the application of two lemmas: 

Lemma 5.4. Suppose that we denote P k = (pk,o(P) '■ Pk,i(P)), then we 
have the equality 

S V (P, (pk+i,o,Pk+i,i)) = dS v (P, (pk,o,Pk,i)) + S v (P k , (po,Pi))- 

Proof. Assume that P = (xo : x±) and v(x) = v((xo,xi)) = 0. If we set 
Xk = (Pk,o(%),Pk,i(x)) we have the equalities 

S V (P, (p fc +i,o,Pfc+i,i)) = v{p k+lfi (x),p k +i,i(x)) 

= v(po(xk),Pi(x k )) - v(xf) + v(x d k ) 
= dS v (P, (p k ,o,Pk,i)) + S v ((P k , (po,Pi)), 

which gives the result we were trying to prove. □ 

Lemma 5.5. The function S V (P, (po,Pi)) is bounded on F 1 (K), so we 
can define 

R v (po,Pi) = sup{S v (P, (p ,Pi))}- 

PGP 1 

Proof. There exist elements ^ \ G O v , where < i < 1, such 
that kxf = 0((p o ,Pi))- If P = {xo ■ X\) e P 1 , with Xi ^ 0, then 
S V (P, (po,Pi)) < v(bi). So in general sup P {S v (P, (p ,Pi))} < sup^-u^)}. 

□ 

Now we can proceed to prove proposition 15.31 

Proof. From lemma 15 .41 we get < hk+i(P) — hk(P) < R v (po,pi)/d h+1 , 
so {hk(P)} is bounded by R v (p ,pi)/(d — 1) and therefore converges. 
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On the other hand 

h k {<p{P)) - dh k (P) = g (^(PM'PM)) _ dg(P,(PM,PM)) 

S(P, (pfe+i,o,Pfe+i,i)) - v(xi) _ dS(P, (p fc ,o,Pfc,i)) 
S(P k , (p ,pi)) - vQei) R v (p^pi) - uQei) 

By passing to the limit we get h VtP0}Pn (<p(P)) = dh VtPOiPl (P). □ 

Definition 5.6. Suppose that if : P^- — > . PFe will define the "inte- 
gral" of log \ F\ V over the finite place v of a polynomial F = K[z±, z n ] 
as 



If 



\og\F\ v d/j, v ^ = log \N(y)\[ ^ h 

v,po,pi (P) 

p k™ PeD 

-deg(F)J2K P o, P i(P)-v(F)), 

Peoo 

and then 

E(F,v finite) = ^ / log |F|„d/x„ i¥ ,. 

5.2. Geometry of v finite) . We want to relate E(F, v finite) with 
the geometry of the blow-up. Suppose that o k : (W n ) k — * P n is the 
blow-up associated with the model (p k; o Pk,n)- Writing 



(2) 



o~ k D = D k + x v ^ k C v ^ k o"fc(oo) = oofc + 'y^ j y v ,i,kC v ,j :k . 



where C v ^ )k are the different components of the exceptional fibre above 
v, and K V;i;k denotes the field of definition of the close point corre- 
sponding to C v ^k, we can state: 

Proposition 5.7. For every v finite place of K, we have: 

y~]xi,v,k[Ky,i,k '■ Kv] = ^2 S v (P,Pk,o, ...,Pk,n), 
i PeD 

^2vi,v,kl K v,i,k :K v ]=J~* j S v (P,Pk, ,...,Pk,n)- 

i Peoo 

Proof. Let cro v ,k '■ {X k )y — > Xq v be the blow-up a k : X k — > X, com- 
posed with the base extension to Spec(O v ). Let D v be the localization 
of D at v. We have the equation a* 0v k (D v ) = D Vfk + f v ^ k C V)k for some 
horizontal divisor D V)k in X k and non- negative integers f v>k . Suppose 
that J v is the ideal sheaf of D v in X 0v , then o~o v ,k(Jv) wm correspond 
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to the ideal sheaf of D Vjk + f v ,kC v , k . We are going to assume that there 
is only one P = (a : ... : a n ) G X v D D, because otherwise we will 
blow up one point at a time. The subscheme of (X k ) v determined by 
(To v ,k(Jv)) is isomorphic to 

Proj(O v [T , ...,T n ]/((p k>i (a , ...,a n )Tj - p k j{a , ...,a n )Ti) id )) 

=Proj(O v [T , ...,T n }/n rk > v ((p kti (a , ...,a n )Tj - p ktj (a , a n )T i ) iij )) 

=Proj((O v /7r r ^O v )[T , ...,T n )) U Spec(a) 

=tmA u Spec(a). 

where p k ^(ao, •••>a n ) = p k ,i(a , ■■■i a n)/^ rk,v ' p for all < i < n and the 
valuation r kjVjP = S V (P, 

Pk,0i •••) Pk,n)- 

On the other hand a* jk P V)ijk = x v>i , k ¥% v ^ = x v ^ k [K v ^ k : K v ]F% u . As 
a consequence of this two facts x i>Vjk [K V)i)k : K v ] = S v (P,p k)0 , ...,p k>n ) 
and 

Xj,v,k [Ky,i,k '■ Kv] = S v (P,p k)0 , ...,p kjn ). 

i PeD 

The second part is analogous using deg(.F)oo instead of D. □ 

Remark 5.8. The expression E(F,v finite) previously defined, takes 
the form 

E(F, v finite) = - lim sup ^ log \N(v) | ( ^ t,v ^j-^ 



i / t-i\ yv,i,k[ ly v,i,k • ly v} i n\ 

- de §( F ) ^fc 



Remark 5.9. In case we are working in dimension one, that is with 
a map if = (po : p±) : P 1 — > P 1 , u>e can c?o a more precise computation 
of the contributions of yi tVjk (See lemma 5.9 in [PST05 In this case, 
assuming that p = A d T$ + the integral at a finite place v takes the 
particular form 

Xy,i,k[K Vj i jk . K v ] 



/ log\F\ v d(i ViV — — limlog|iV(v)| ( hm 

J C n k \ k 



d k 

j / t-,\ A-d [K V i k : K v \ \ 
-deg(F) v(F)j 

and again 

E(F, v finite) = ^ / log v . 

Remark 5.10. T7ie geometry of E(F, v finite) allows to express in a 
better way the negativity conditions for a model, indeed if our model 
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(po : ... : p n ) have negativity conditions and we are able to pick the 
equation F such that v(F) = for every v, then E(F,v finite) < 0. 



6. Mahler formula 

In this section we present the main result of this paper. Suppose that 
tp : F K — > ¥ K is a map on the n-dimensional projective space, given by 
a model (p : ... : p n ) : F K — > F K , with the property that (po, ■■■,Pn) is a 
regular sequence in Ok- Recall the non-standard models o~ k : X k — ► P n 
that we introduced before as the blows up of P n at the subschemes 
Y k . Denote by K v ^ k the field of definition of C v ^ k and by X„ the 
local field of K at v. Recall that F k = cr^F for a polynomial F = 
F(T /T n , ...,T n _i/T n ) and £ fc = <^Xo, for £ = 0(1). The divisors 
div(F) = D - deg(F)oo + ^ fillite t>(F)X,j and div(T n ) = oo represent 
divisors in the arithmetic variety Pq k • 

Theorem 6.1. With the conditions and notations of the above para- 
graph, we have the equality: 

h^(D) = Y^ / fog W\ v d^ v + E(F,v finite) + deg(F)/^(oo). 

v/oo C 

Proof. We are going to make use of the arithmetic intersection theory 
on Xk. Let's compute deg(ci(Lfc) n | div(Ffc)). We have the following: 

(i) deg(c 1 (L fc )"| div(F fe )) = d nk E„|oo f PHCv) fog iFl^Ct;, ||.||*)» by 
proposition 13.141 

(ii) deg(c 1 (L fc ))"|C fc ) = [K Vtitk : K v ]log\N(v)\ by proposition WM 

(iii) deg(ci(Lk)) n \Xk tV ) = log |iV(v)| also by proposition 14.41 

Let's recall the formula ^ 
div(F fc ) = D k - deg(F)oo fc + ^ x Vtitk C v>i>k 

- deg(F) y v ,i,kC Vt i t k + ^ v(F)X V)k . 

v,i finite v 
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Now we are going to let deg(di(L k ) n \.) act on each side, 
deg(c 1 (L fc )"| div(F fc )) = h C n(D k ) - (deg(F))/i £ n(oo fc ) 

i,v 

- deg(F) Vv,i,k log \N(v) | [K V;i>k : K v ) 
+ d nk J2v(F) *>g\N(v)\, 

V 

dividing by d nk and taking limits gives us that the limit 

lim y^Xx %iik \og\N(v)\[K vik : K v ]-deg(F)y vik \og\N(v)\[K vik : K v \) 

k ' * 

i,v 

exists and 

y2 / log \F\ v dfjL VjV = u finite) + h^(D Q ) - deg(F)h {fi (oo), 

u I CO y ' 

which was the result we wanted to prove. □ 

Corollary 6.2. Let F be a rational function on P^ and div(F) = 
D + - D- then 

hy(D + )-h v {D-)=J2 [ log \F\ v dny, v + E{F,v finite) 

/ J^r 
v/oo C 

Proof. The rational function F can be written as the quotient F + /F~ 
of two homogeneous polynomial equations F + and F~ of the same 
degree. Then we apply the previous result to F + and F~ . □ 

Corollary 6.3. If ip has a model such that the divisor oo has a finite 
forward orbit {oo, ip(oo), ...} (which forces h v (oo) = 0), then 

htp{Do) / log \F\ v d(jL<p tV + E(F,v finite). 

v/oo ^ P C 

Corollary 6.4. Suppose that p = (p : p{) : P 1 — > P 1 and we have 
chosen coordinates such that T n jp\. The integral of the log the minimal 
equation F of a point P = (A : 1) G P 1 is related to the height of P by 
the formula 

M^H^yEX ^g\F\ v d^, v . 

V K v 

Proof. This is a combination of the previous corollary, proposition 15.31 
and definition 15.61 □ 
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Corollary 6.5. Assume h^oo) = 0. Let (po : ••• : Pn) be a model for 
<p : P™ — * P n ; satisfying negativity conditions and with v(F) = for 
every finite place v G Ok- Then 




Example 6.6. The rational map (p : Pq — » Pq gwen fry t/ie model 
<p(x : y : z) = (x 2 + yx : y 2 + zx + zy : z 2 ) ; /ias good reduction 
everywhere, that is, the expression E(F, v finite) = 0. 

Example 6.7. The rational map tp : Pq — > Pq (/wen fry t/ie model 
ip(x : y : z) = (y 2 — 3z 2 : x 2 — 3y 2 : zy) has bad reduction at 3. The 
reduced map is not defined at the point (0 : : 1) G P| . The model 
satisfy negativity conditions and h^oo) = 0. A polynomial equation 
F = c m z m + ... has c m = 0(mod 3) if and only if E(F, v finite) ^ 0. 

Example 6.8. The rational map ip : Pq — > Pq given by the model 
(p(x : y : z) = (3y 2 — 5z 2 : 3a; 2 — 5y 2 : zy) has bad reduction at the 
places 3 and 5. The reduced maps is not well defined at the points 
(1:0:0) GP| 3 and (0 : : 1) G P| g . 

Example 6.9. Lei p be a prime number. The map <p : Pq — ► Pq 

given fry i/ie model ip(x : w) = (px 2 + y 2 : py 2 ) /ias 6ad reduction at 
p. Following lemma 5.9 in PST05 ; if F is a polynomial equation, we 
have E(F,v finite) = log(p). 
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